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ON  SOME  GEOMETRIC  PROPERTIES  OF  HUMAN  RIBS-I 

Sanford  B.  Roberts  and  Ping  Heng  Chen 

School  of  Engineering  and  Applied  Science 
University  of  California,  Los  Angeles 


ABSTRACT 

The  cross-sectional  geometric  properties  of  riba  1  through  8  of 
a  medium-framed  female  cadaver  specimen  vere  studied.  Specifically, 
each  rib  vas  cut  into  10  sections,  the  exposed  cross-sections  photo¬ 
graphed,  a  finite  element  grid  superimposed,  and  with  the  aid  of  a 
digital  computer,  the  geometric  properties  (total  area,  compact  bone 
area,  centroid,  principal  axes,  principal  moments  of  inertia  and 
torsional  constant)  of  the  compact  bone  region  were  determined. 

Although  most  of  these  quantities  exhibit  wide  variations  some  trends 
do  emerge.  Of  particular  significance  is  a  simple  geometric  construc¬ 
tion  for  the  location  of  the  centroid  and  principal  axes  and  the 
general  result  that  a  thin-valled  ellipse  is  a  reasonably  accurate  model 
from  which  the  approximate  cros3-sectional  properties  nay  be  calculated. 

INTRODUCTION 

Human  ribs  can  be  categorized  as  "long  bones,"  (Frost  1967)  in 
that  they  possess  the  characteristic  structure  of  a  thin  cortex  of 
compact  bone  surrounding  a  medullary  canal  of  marrow  and  trabecula. 

The  architecture  of  long  bones  (especially  the  femur)  and  its  relation¬ 
ship  to  the  load  carrying  function  has  been  studied  since  the  later 
part  of  the  19th  century  (Evans  1957).  There  have  also  been  attempts 
at  detailed  stress  analysis  with  the  usual  objective  of  relating  the 
shape  of  the  compacta  and  trabecula  to  a  simplified  net  ion  of  the  stress 
and/or  strain  state  under  load  (Evuns  1957).  In  spite  of  an  extensive 
history  (Evans  1967)  of  investigations,  there  do  not  appear  in  the 
literature  any  significant  studies  which  provide  detailed  quantitative 
data  on  the  geometry,  especially  cross-sectional  geometry,  of  any  human 
bones.  It  goes  without  saying  that  a  meaningful  stress  analysis  (e.g. 
Roberts  1970)  of  the  components  of  the  skeletal  system  under  normal  or 
traumatic  conditions  is  impossible  without  knowledge  of  (among  other 
things)  the  geometry.  As  part  of  a  study  of  the  response  of  the 
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throaoic  skeleton  to  dynamic  forces,  a  program  aimed  at  defining  the 
cross-sectional  and  global  properties  of  human  ribs  vas  undertaken. 

This  is  a  first  report,  focusing  upon  our  findings  within  the  cross- 
sections  of  human  ribs. 

The  Judgment  vas  made  at  the  outset  that  the  trabecula  vould  be 
neglected  and  only  the  compact  bone  geometry  would  be  considered. 

Since  the  geometric  quantities  determined  are  those  necessary  for 
stress  analysis,  this  decision  implies  that  the  compact  bone  is  the 
primary  load  carrying  component  whereas  the  contribution  of  the 
cancellous  bone  is  insignificant.  Although  it  appears  intuitively 
correct,  this  hypothesis  requires  further  experimental  evidence  for 
its  full  Justification. 

The  information  presented  herein  was  obtained  by  direct  observa¬ 
tion  and  measurements  on  the  rib  cage  of  an  embalmed  female  cadaver 
specimen  with  an  apparent  small  frame.  The  cause  of  death  was 
coronary  vascular  arteriosclerosis  in  June  1966  at  age  77. 

Observations  made  on  one  cadaver  specinen  are  hardly  sufficient 
to  permit  drawing  general  conclusions.  We  are  however,  strongly 
motivated  to  find  conceptually  simple  unifying  principles  from  which 
approximate  geometric  properties  of  typical  ribs  can  be  constructed. 

For  example,  it  vould  be  advantageous  to  be  able  to  make  two  measure¬ 
ments  (say  "width"  and  "depth")  at  a  particular  Etation  along  the 
longitudinal  axis  of  a  rib  and  calculate  the  cross-sectional  properties, 
such  as  location  of  centroid  and  principal  moments  of  inertia,  without 
actually  exposing  the  internal  cross-section  and  making  direct 
measurements.  Motivated  by  this  objective  we  have  intentionally 
flavored  this  report  vith  vhat  appear  to  be  generalizations  applicable 
to  most  human  ribs.  We  trust  that  a  desire  on  the  part  of  other 
researchers  to  further  substantiate  or  contradict  our  hypotheses  will 
help  stimulate  the  production  of  a  statistically  valid  collection  of 
data. 


EXPERIMENTAL  AMD  ANALYTIC  PR0CI7/UP.ES 

The  rib  cage  from  the  specimen  6901  was  excised,  the  individual 
ribs  (designated  6901-Rib  Number)  separated  and  the  superficial  soft 
tissue  was  removed.  Each  rib  (except  No.  1)  was  cut  into  10  sections 
(see  Fig.  1),  the  cuts  being  made  in  a  plane  approximately  normal  to 
the  longitudinal  axis  of  the  rib.  The  longitudinal  axis  being  approxi¬ 
mated  by  the  imaginary  line  parallel  to  the-  superior  and  inferior 
borders  ar.d  halfway  between  them.  The  interior  surface  thus  exposed  is 
designated  herein  as  the  rib  crcss-section .  The  cross-section  contains 
two  regions,  namely  a  thin  border  of  compact  bor.e  and  an  interior 
region  of  cancellous  bone  and  marrow.  FYon  the  perspective  that  the 
bony  thorax  is  a  force  transmitting  structure,  only  the  compact  bone  is 
considered  effective.  Consequently,  it  is  to  it  which  our  attention  is 
directed.  The  compact  bone  region  is  not  easily  distinguishable  from 
th»  cancclleous  bone  irterior.  The  interior  "border"  requires  careful 
scrutiny  and  Judgement  for  its  definition.  We  found  that  close 
examination  under  magnification,  and  the  removal  of  all  soft  tissue  and 
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&s  much  cancellous  bone  as  possible  is  necessary  since  it  vould  other¬ 
wise  render  the  border  definition  extremely  difficult. 


The  exposed  cross-sections  of  each  rib  were  photographed  under  10 
power  magnification  with  a  scale  having  0.01  in.  divisions  placed 
in  the  field  of  view  and  in  the  plane  of  the  cross-section  (rigs.  2-6) 
Tracings  of  the  outline  of  the  compact  bone  regions  were  made  from  the 
developed  photographs.  A  network  of  36  quadrilateral  elements  (72 
nodal  points)  and  a  cartesian  coordinate  system  describing  the  geom¬ 
etry  of  the  cross-section  was  then  superimposed.  The  coordinates  of 
each  nodal  point  were  scaled  and  entered  as  input  data  into  an  aug¬ 
mented  finite  element  computer  program  (Mason  196?)  which  calculated 


a)  The  cross-sectional  area  of  compact  bone  (A  )  and  total 
cross-sectional  area  (A^ ) 

b)  The  orientation  of  the  principal  axe^  (y»z)  of  inertia 

c)  The  location  of  the  centroid 

t 

d)  The  principal  moments  of  inertia 


1  m  I  y2dA,  I  =  /  z^dA 

y  Jr  2  Jr 


'R  *  *'  R 

e)  The  torsional  constan-  (J),  where 


R  a  Compact  bone 
region 


*!?-*!£]  " 

3y  3z 

where  $  =  <p ( y , z )  =  St.  Venant  warping  function 


(1) 

(2) 


The  calculation  of  the  torsional  constant  (j)  based  upon  Equations 
(l)  and  (2)  and  appropriate  boundary  conditions  assumes,  among  other 
things,  that  the  material  is  isotropic  in  that  Gxz=  (G  =  elastic 
shear  modulus).  Although  there  is  strong  evidence  (Dempster  1952) 
indicating  that  bone  is  not  isotropic,  there  is  presently  insufficient 
information  on  the  dependence  of  the  shear  modulus  upon  orientation 
normal  tc.  the  long  axis  of  the  bone.  This  is,  at  this  time  it  is 
reasonable  to  assume  that  CxJ  =  Gyx. 

In  addition  to  the  "exact"  analysis  described  above,  on  approxi¬ 
mate  analysis  based  upon 

a)  The  assumption  that  the  cross-section  is  a  thin-walled 
ellipse  with  constant  effective  thickness  (te) 

Hereinafter  the  term  cross-section  will  refer  to  the  compact  bone 
portion  thereof  unless  otherwise  defined. 
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b)  The  use  of  the  actual  "major"  and  "minor"  axes  (A,B)  measured 
along  actual  principal  axes,  and  the  ratio  of  compact  bone 
to  total  cross-sectional  area  Ac/At 

vas  carried  out . 

In  a  thin-walled  elliptic  cross-section ,  using  a)  above  it  can 
be  readily  shown  that  (see  Hudson  1917  and  Shanley  1957) 


U  te  »  (A+3)  -  J(A* B)2  -  1*£AB  »  6  c 

6bJ  *=  IT  [BA3  -  (B-2t  )  (A-2t  )3] 
y  e  e 

61r I  =  it  [B3A  -  (B-2t  )3(A-2t  )) 
z  e  o 


(3) 


(i») 


14  a2t 


J  = 


a  - 


tt  (A-t  )(H-t  ) 
f ;  c 


r(A-t-B) 


C  '  — ■— g— -  |  JVJ.+A  )  * 


[3{i+A)  +  xir] 


x.  * 


r  a-b  t 

[2(At-B)  I 


(5) 


GENERAL  RESULTS 

The  shape  of  the  thin  wall  of  compact  bone  in  the  typical  rib 
cross-section  is  more  or  less  "elliptic."  It  can  be  qualitatively 
characterized  by  the  ratio  of  the  lengths  along  the  "minor"  and  "major" 
principal  axes  (B/A).  Figure  7  shows  a  plot  of  D/A  as  a  function  the 
nondinensional  position  parameter  (S/L)  for  ribs  6901-3  thru  6901-8. 
Observe  that  at  .the  costochondral  Junction  (S/L=0)  the  compact  tone 
shape  is  somewhat  cylindrical  (0.5  S  B/A  <  0.8).  Proceeding  posteriorly 
into  the  shaft  region  it  immediately  begins  to  flatten  (0.2 <  B/A<  0 . b  ) 
and  then  gradually  expands  becoming  more  "cylindrical"  again  approach¬ 
ing  the  angle  with  maximum  values  of  B/A  in  the  neighborhood  of  the 
tubercle. 


THICKNESS  OF  C0MP4CT  BONE 


The  thickness  (t)  of  the  compact  bone  cortex  varies  both  as  a 
function  of  S/L  ajtd  within  each  cross-section  vithout  any  apparent 
pattern  in  either  respect.  The  maximum  and  minimum  values  of  t  where 
measured  in  each  cross-section  and  plotted  as  a  function  of  S/L.  These 
curves  for  ribs  3,  5  and  7  are  shown  in  Figs.  8  to  ]0.  The  value  of 
tmin  is  reasonably  <onstant  ever  the  rib  length,  being  on  the  o.der  of 
0.01  in.  for  the  three  ribs.  However,  tmax  exhibits  extensive  excur¬ 
sions  along  the  length  of  anv  one  particular  rib.  The  peak  values  are 
usually  associated  with  a  highly  localized  thickened  region  in  a  cross- 
section. 

The  equivalent  thickness  ;te)  given  by  Equation  (3)  was  also  plot¬ 
ted  in  Figs.  8  to  10.  It  is  interesting  to  note  that  te  is  reasonably 
close  to  the  median  wall  thicltness. 

PRINCIPAL  AXES  OF  INERTIA  AND  CENTROID 

The  calculated  location  of  the  centroid  (c.g.  )*  and  the  orienta¬ 
tion  of  the  principal  axes  of  inertia  for  specimen  6901-3  Sections  1, 

3,  5,  7  and  9  are  shown  in  Figs,  2  to  6.  Note  that  the  compact  tone 
boundary  has  been  exagerated  and  the  principal  axes  superimposed  upon 
the  actual  photographs  of  the  cross-sections.  One  observes  that  the 
centroid  is  approximately  at  the  center  of  the  overall  cross-section 
and  that  the  minor  principal  axis  is  nearly  parallel  to  a  line  connec¬ 
ting  the  extremum  points.  The  observation  suggests  the  following  con¬ 
struction  procedure  for  the  approximate  centroid  location  and  the  local 
orientation  of  the  principal  axes  (refer  to  Fig.  11). 

a)  Connect  the  tvo  points  (ap  and  &?)  on  the  extreme  superior 
and  inferior  edges  by  a  straight  line. 

b)  Enscribe  the  outer  boundary  with  a  rectangle  having  sides 
parallel  and  perpendicular  to  ap  -  a2. 

c)  The  intersection  of  the  diagonals  of  this  rectangle  locates 
the  c.g*  and  lines  through  the  c.g.  parallel  end  perpendicu¬ 
lar  to  ap  -  a2,  are  the  minor  and  major  principal  axes 
respectively. 

The  accuracy  of  this  procedure  was  tested  using  ribs,  6?01-3,  5 
and  7.  The  actual  c.g.  was  located  and  its  position  compared  with  that 
of  the  approximate  c.g.  (designated  c.e’.)  by  the  dimensions  5A  and  6E 
(Fig.  11).  Also,  the  angular  orientation,  a  of  the  approximate  trin- 
cipal  axes  (y1  and  z'),  with  respect  to  the  actual  principal  axes 
( I- « z )  was  determined.  The  relative  magnitudes  of  these  quantities  arc 
given  in  Table  1.  We  observe  that 


Under  the  assumption  that  rib 
the  designations  centroid  and 


compact  bone  is  homogeneous  we  will  use 
center  of  gravity  (c.g.)  interchar.-eably 
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-j  <  12%,  <  15*.  |  a  |  <10° 


with  the  average  valueB  for  the  three  ribs  being 


_A 

A 


avg. 


U%  -£ 

E 


-  5*. 

avg. 


a  -  3.5 

'  'avg 
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Considering  the  inherent  inaccuracies  in  defining  the  compact  bone 
boundaries,  these  errors  are  within  acceptable  limits. 

CROSS-SECTIONAL  AREA 

The  cross-sectional  area  of  compact  bone  Ac  (see  Figs.  12  to  15) 
is  reasonably  constant  over  the  entire  length  of  each  rib  (especially 
in  the  shaft)  showing  significant  perturbations  only  in  the  tubercle- 
neck  region  and  in  sene  cases  at  the  costochondral  Junction.  The 
value  of  Ac  at  the  costochondral  Junction  (CC.J.)  is  particularly 
difficult  to  determine  due  to  the  indistinct  transitioning  of  cartilage 
to  bone.  In  particular,  ribs  5  and  6  showed  extensive  ossification  at 
this  location,  thereby  giving  rise  to  relatively  large  values  of  A^. 

In  the  shaft  region  of  a  typical  rib  Ac  is  of  the  order  0.035  in. 2 

The  calculated  values  of  Ac ,  based  upon  an  elliptic  cross- 
section  shape  produces  an  excellent  approximation.  This  appears  to  be 
uniformly  true  except  at  a  few  isolated  sections  wherein  there  is  a 
sharply  indented  costal  groove. 

The  ratio  of  Ac  to  the  area  of  the  entire  cross-section  (At)  for 
ribs  1-8  is  shown  in  Fig.  16.  The  average  values  of  Ac/A*  are 
greatest  for  ribs  1  ar.d  2,  (approximately  60%  and  505  respectively) 
decreasing  with  increasing  rib  number  to  essentially  a  constant  U0!I  in 
the  shaft  region  of  ribs  5-3.  The  values  at  the  costochondral  Junction 
of  ribs  5-5  are  quite  erratic  primarily  due  to  the  poor  definition  of 
this  Junction  as  an  apparent  consequence  of  cartilage  ossification. 


MOMENTS  OF  INERTIA  AND  TORSIONAL  CONSTANT 


The  calculated  principal  moments  of  inertia  (lv,  Iz)  and  the 
torsional  constant  J  are  given  in  Figs.  12  to  15.  These  quantities 
are  "second  moments"  of  area  and  are  therefore  more  sensitive  to  shape 
and  thickness  variations  than  is  Ac.  This  is  exemplified  by  the  lack 
of  uniformity  over  the  length  and  the  more  violent  changes.  For  ribs 
3-6  the  largest  values  occur  at  the  costochondral  Junction  where  the 
cross  section  is  "flared-out"  (fi/A  >  0.5),  whereas  for  ribs  7  and  8, 
maximum  values  occur  in  the  tubercle  region.  Typical  values  in  the 
shaft  region  (e.g.  for  rib  7)  are 


I  a  0.0007  in 

y 


u 


i 

z 


0.0002 


J  =  O.COO1; 


u 

in. 
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Surprisingly,  the  results  from  the  elliptic  approximation  compare 
favorably  with  the  actual  values.  There  are,  of  course,  isolated 
regions  wherein  marked  irregularities  such  as  deep  costal  groo^-s 
(e.g.  rib  7  Section  6)  produce  poor  agreement. 

CONCLUSIONS 

An  analysis  of  the  cross-sectional  properties  of  the  first  8  ribs 
from  a  female  cadaver  has  been  conducted.  We  have  found  that  the 
quantities  studied  (t,  Ac,  Ac/A^,  Ix,  Iy,  J)  show  considerable  vari¬ 
ation  as  a  function  of  position  along  each  rib  as  well  as  variation 
between  ribs.  However,  it  is  also  clear  that  at  least  for  this  speci¬ 
men,  certain  definite  patterns  do  emerge. 

a)  The  median  wall  thickness  is  greatest  in  the  vicinity 
of  the  tubercle. 

b)  The  compact  bone  region,  c.g.  and  principal  axes  of 
inertia  can  be  approximately  located  by  a  simple 
geometric  construction. 

c)  The  compact  bone  ratio  (Ac/At)  is  greatest  in  rib  1 
decreasing  to  a  relatively  constant  value  of  about  Uo% 
in  the  shaft  regions  of  ribs  5-8. 

d)  All  of  the  geometric  quantities  studied  possess  a 
characteristic  variation  with  rib  number.  That  is,  a 
decrease  from  rib  1  to  a  local  minimum  at  rib  3  followed 
by  an  increase  to  a  local  maximum  at  ribs  6  or  7  and 
decreasing  thereafter. 

e)  The  geometric  properties  can  be  calculated  with  reasonably 
good  accuracy  by  assuming  the  rib  cross-section  to  be  a 
thin-walled  ellipse,  provided  the  major  and  minor  axes 
and  the  compact  bone  ratios  are  known. 

In  order  to  obtain  upper-bound  estimates  of  the  cross-sectional 
properties  of  human  ribs,  an  analysis  similar  to  that  described  herein 
has  been  initiated  on  a  large-framed  male  specimen.  Preliminary 
results  indicate  that  values  of  the  various  geometric  quantities  in 
the  shaft  regions  are  approximately  20?  higher  than  those  of  specimen 
6901. 
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APPROXIMATE  LOCATION  OF  SECTIONS 


Figure  1.  Rib  nomenclature  and  approximate  location  of  crosc-6ections 
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Figure  2.  Bib  6901-3  Section  1 
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Figure  U.  Bib  6901-3  Section  5 


Figure  5.  Rib 


Figure  7.  Ratio  of  principal  dimensions  (B/A)  vs.  S/L 
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Figure  11.  Construction  of  centroid  and  principal  axes 
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